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Abstract 

We explicitly construct a star product for the complex Grassmann manifolds using 
the method of phase space reduction. Functions on C^^'^''^'^ *, the space of {p + q) x p 
matrices of rank p, invariant under the right action of Gl{p,C) can be regarded as 
functions on the Grassmann manifold Gp^q{C), but do not form a subalgebra whereas 
functions only invariant under the unitary subgroup U{p) C Gl{p,C) do. The idea is 
to construct a projection from U{p)- onto C)-invariant functions, whose kernel is 
an ideal. This projection can be used to define a star-algebra on Gp^q{C) onto which 
this projection acts as an algebra-epimorphism. 
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1 Introduction 



The idea of deformation quantization is to modify the multiphcation on the algebra of smooth 
complex valued functions in a noncommutative way, such that in zeroth order the normal 
multiplication is preserved, the commutator equals in first order the Poisson bracket, the 
constant function with value one acts again as one in the new algebra and the pointwise 
complex conjugation remains an antilinear involution. This concept of a quantization, first 
introduced by Berezin later as a program formulated by F. Bayen, M. Flato, c. Fronsdal, 
A. Lichnerowicz D. Sternheimer[0], is obviously founded on the existence of this kind of 
a deformed product. This nontrivial question was settled for symplectic manifolds by M. 
DeWilde and P.B.A. Lecomte independently by B. Fedosov [^, ^ and by H. Omori, Y. 
Maeda and A. Yoshioka 0. 

Explicit examples of star products for nontrivial phase spaces of physical interest are still 
rare. Although Grassmann manifolds Gp,g(C) may be seen as the reduced phase space of a 
system of (p + q) -p harmonic oscillators where certain energy and angular momentum sums 
are fixed, it is not really a physical example. So the aim of this paper is principally to show 
that phase space reduction may be used to construct star products on more difficult sym- 
plectic manifolds. The methods used might be relevant as well to the possible deformation 
quantization of constrained systems. 

C. Moreno has already stated a recursion formula for a star product on nonexceptional 
Kahler symmetric spaces. M. Cahen, S. Gutt and J. Rawnsley defined a star product 
on every compact Hermitian symmetric space and proved the convergence for the algebra 
of representative functions. Regarding Gp^q{C) as a coadjoint orbit of U{p + q) Karabegov 
has given a method of deformation quantization in terms of representative functions 
which probably could be specialized explicitly in this case. The existence of star products 
on coadjoint orbits was treated as well by D. Arnal, J. Ludwig and M. Masmoudi [|10]. For 



the special case of the projective space a closed formula for a star product of Wick type was 



given by M. Bordemann et al. It was constructed as well by phase space reduction 

and will be generalized in the present paper. Whereas there an equivalence transformation 
of the Wick product on C^"'"^\{0} onto a new star product was constructed which could 
be projected to CP'' trivially, in the case of Grassmann manifolds G'p^g(C) we will directly 
head for the projection, because a similar equivalence transformation does not exist since 
the group Gl{p, C) is noncommutative for p > 1. 

The paper will be organized as follows: In the next section we will show how to construct 
a projection of functions on C'^^"'"''^'*' * onto functions on Gp^g(C) whose kernel is an ideal with 
respect to the Wick star product on C*°°(C''^+''^'^ *). Then we will calculate this projection 
for the well known case of the projective space CP'' = Gi,g(C), thereby verifying the result 
of Bordemann et. al [|ll[] in a very simple way. We use this as a guideline in the fourth 
section where the formula for the star product on Grassmann manifolds is proved. The 
arising coefficients are treated in the last section, where we will state some open questions 
as well. Throughout this paper we use Einstein's summation convention. 
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2 The decomposition of the space of invariant 
functions 



Our aim is to construct a star product on Grassmann manifolds Gp^q{C) by making use of the 
Wick product on C^P+iyp *, the space of complex [p + q) x p matrices of rank p, from which 
the Grassmann manifolds can be obtained by projection vr. Unfortunately the homogeneous 
functions on C*^^"'"''^'^ * - functions invariant under the Gl{p, C)-action, which are the bijective 
image of functions on Gp^q{C) by the puUback n* - do not form a subalgebra. Yet the set of 
invariant functions - we reserve this term for functions invariant under the unitary subgroup 
U{p) of Gl{p, C) - is a subalgebra which we wiU denote by (Co"^(C(p+'?) p *)[[A]], S). So the 
Wick star product of two homogeneous functions will only be an invariant function and we are 
forced to search for a certain "projection" P := C^iC^P+^^P *)[[\]] — > C^^^iC^P+^^P *)[[A]], 
which satisfies P{P{f *g)*h) = P{f * P{g * h)) for any three homogeneous functions /, g, h. 
Then we can obviously equip C^„(C(^+^)"^ *)[['^]] with an algebra structure by defining 
f*g := P{f*g). For the unity function we would like the equation / = /*! = P(/*l) = Pf 
to hold, thus P\c^ (c(p+9)-p *)[[A]]= '^d\(j^ (c(p+'j)p •)[[a]] = Pi so the name projection 

for P is justified. °"we can split the algebra Co°°(C(^'+«)-p *)[[A]] = PCo°°(C(p+«)-p *)[[A]] © 
kerP and notice that if P satisfies the above rules and is thus an algebra epimorphism 
of (Co=^(C(P+«)-P *)[[A]],i) onto (C^^(C(P+«)-P *)[[A]],*), obviously kerP must be a 5-ideal 
Ji. This condition is in fact an equivalent formulation, the projection P is an algebra 
epimorphism if and only if kerP forms a *-ideal J^^. The decomposition of the space of 
invariant functions shall now be constructed. 

The complex Grassmann manifold Gp^g(C) is the space of equivalence classes of the 
complex (p + g) x g matrices of rank p where the equivalence class is defined as follows: 

z^r. Z2 <^ 3c/ e Gl{p, C) Z2 = z^g z^z^^ (C^^i)-v * 

^ . Cip+qyp * , ^^^^^(C), Z I > z/r^ (1) 

The Grassmann manifold Gi^g is the projective space CP^. Grassmann manifolds can also 
be regarded as the reduced phase space associated to the right action $ of the unitary group 
U{p): 

$ . ciP+iyp * X u{p) c^p+iyp *, (z, U) ^ ^uz = zU 

This action is symplectic with respect to the Kahler symplectic form 

% % — % — 

u) = -tr dz A dz'' = -dd tr z^ z = -dd tr X x := z'^ z (2) 
2 2 2 ^ ' 

and there is an Ad*-equivariant momentum mapping 

J . c(f+9)-f * u{p)\ J = \zh = l-x (3) 

where u{p)* denotes the dual of the space of antihermitian matrices. Since for any positive 
definite hermitian ^ e H^{p) there exists a representative of 2;/ ~ on J~^(|/i), namely 
zi^z'^ z)~'^ , the Grassmann manifold Gp^q is the quotient J~^{^n)/n^^Un^, and this is the 
reduced phase space if and only if is a positive scalar multiple of the unit matrix, which is 
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always the case for p = 1. So we choose in the following G and elucidate the situation 
by the usual phase space reduction diagramm ||T2[| : 




TT 



Additionally to the general case there exist the direct projections vr and p. Identifying 
* -vvith J~^(|/i) X if+ by the global diffeomorphism 



{z{z^ z) ■ijJ'i^Z^z) 



the mappings i and p adopt the explicit form 

^(C) = (C, /w) P(C, x) = p{z) = ( = z{zh)-^^p^ 
and an invariant function / G {V-'^'^^'^^'^ *) satisfies 

f{z) = fiCx) = f{zU) = fmU^xU) . 



(4) 



(5) 



(6) 



Looking for an appropriate choice of the star ideal and the associated projection we consider 
the trivial case of the pointwise product as a guideline. There is obviously a 1:1 mapping be- 
tween invariant functions on the orbit J~^(|/i) and functions on Gp^q{C), i.e. vr* is invertible 
for invariant functions. All invariant functions on the orbit may be obtained by restriction 
of invariant functions on C*^^"'"^'''^ * and thus there is a simple projection P. 



P. : C^{C^P+'^^ 



p *} 



/-iOO 
^hom 



^£^{p+g) 



p *^ 



P. := TT* O TT* 



o t 



— * •* 

p oi 



(7) 



We can easily decompose an invariant function into its homogeneous and its ideal part, 
thereby describing the ideal: 



[{l-P.)F]{z) = F(C,x)-F(C,/i) = ^^' 



dF 

dt—— tx + il — t)p) ,x — p 
ox 



So kerP. = (1 - P.)C^ {C'^p+''>p *) is generated hy x - p: 

kerP = J. = {x - p) = {F \ F = {x - p,G), G e C^^; (^c'^p+&p *,u{p))} 

Note that in our case of invariant functions we can restrict the domain of functions paired 
with X — p onto Ad-equivariant functions since for 



holds 



+q)-p *\ 



H{F){C,x) :-- 



^ dF 

dt—{C,tx + {l-t)p) (8) 



H{F o <^u) = Adf;-i o H{F) o<^>jj = H{F) 



(9) 
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The decomposition 



F = P.F + (1 - P.)F = p*i*F + {H{F),x - fj) (10) 

is unique whereas the function H is not, unless p = 1, because we can add to H{F) any 
function orthogonal to x — fj,. We have chosen H here to be the integral along the straight 
line between (C,^:) and (Cfj), but any other curve connecting these points will do as well. 
For the solution a convenient choice of H{F) will be important as well as the proof that the 
decomposition is unique, such that the result is independent of the choice of H{F). 

Analogously we would like to define a star ideal J7j generated hj x — ii. First of all we 
have of course to extend our considerations to power series in a formal parameter A with 
coefficients in the respective function spaces. The ideal 

:= (a; - = {F\={GU-IJ) = , * {x - G e C-(C(^+'')-^ *, «(p))[[A]]} 

may be defined independently of a global basis for C^+^)'^ * and is indeed a twosided ideal 
because the Wick star product is strongly U (p)-invariant 

fij-jif = !^{/, J} V/ e c^ic^+'^yp *) , (11) 

while U (p) is compact - note that G is only equivariant. Now we can formulate the important 

Lemma 2.1 There exists a unique decomposition of invariant functions 

Co~(C(f+«>f *)[[A]] = C^^(C(f+«>f *)[[A]] e Ji 

into a homogeneous and a *-ideal part, where the ideal is spanned by x — ji. 

As an immediate consequence of the proposition and the remarks in the introduction we 
obtain the following 

Corollary 2.1 There exists a star product on Gp^q{C) and an algebra epimorphism 

n*-' o P : {C^iC^P+^yp *)[[X]], i) {C^ (G,,,(C)) [[A]], *) . ^ 

Proof: We start with the point multiplicative decomposition and start deforming the usual 
product in the following way: 

F = p*i*F+{H(F),x-ii) = p*i*F + {H(F)*x-iJ,) + XA(F) (12) 
A(F) l.({(H{F)*x-^^)~{H{F),x-^^)) (13) 

A(F) is a power series in A since the coefficient of A"^ vanishes and we can proceed decom- 
posing A(F). Using induction, keeping in mind the linearity of p*, i*, H and A yields: 



So there is a decomposition, but since H is not uniquely defined, A is not either, so uniqueness 
might be lost during the deformation process. To insure uniqueness assume a function F in 
the *-ideal J7j is simultaneously homogeneous, i.e. 



— * 

P ^ 



It has to be shown that F vanishes identically, thus both sides of the above equation. We 
can make use of the fact, that the series for the Wick product with x breaks off after the 
first term: 

{G*x) = {G,x) + XM,{G,x), M,{G,x):=zi^G'^ G e G:'^ p^^^^^ * , u{p)) (15) 

Let ip^ e G^{J-^{^fi)) and G'(^) G G^ {0p+''>p * , u{p)) be the coefficients of ip and G 
respectively: 

oo oo 

Considering all orders separately we obtain after restriction to x = fi 

ipu = i*Mi{G{u^i),x - ^) ipo = 0. (16) 

The strategy is the following: Assume (p^ = Q for v <n. Consequently it holds 

Mi{G[y^i),x — jj) = —{Gi^y),x — ii) for z/ < n . (17) 

Express (pn = x) by derivatives of {G(^n-i)^x — ji) and use the n — 1 equations 

( [T7| ) successively in order to write ipn as derivatives of (G'(o), x — fi) which vanishes identically. 
Then (p^ = and by induction ip^, = for all u what completes the proof. 

Obviously we have to consider derivatives at J^^(|yu) transversally to this submanifold. 
Thus in what follows we set z = (y and we investigate derivatives with respect to y at the 
point y = I. In a tedious, but simple calculation one verifies the following formulas. 



9y\ ■ ■ ■ dy\ 



((GH,x-p)(Cy)) = pY. . s^'^^': (C)ct ^ ct (1 

Jl • • • Jr 



^ ^'^'^^^ dz^^ . . . dz^l . dz^r • • • ^^^^ 

S = l Jl Jr + 1 Js 



Before proceeding with the proof let us summarize some notation for conjugacy classes 
of the symmetric group. By the r-tuple a = (ai, . . . , a^) we denote the conjugacy class in 
Sr having i-cycles in the cycle representation, by Gon{Sr) the set of all conjugacy classes 
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Obviously it holds ^ia^ = r and we define |a| = ai + . . . + a,, as usual. The number of 
elements in the conjugacy class a is 

r' 

(20) 



■ . . . ■ r^-a^! 

Since i — 1 transpositions are necessary to compose an i-cycle from 1-cycles (resp. to decom- 
pose it into 1-cycles) the lowest number of transpositions, denoted by that is needed to 
compose a certain permutation cr € a from the identity (or vice versa to decompose it into 
the identity) is only dependent on the conjugacy class a and it holds 

r 

#« = #M = - 1)"^ = r-\a\ (21) 
1=1 

We abbreviate by -D := ( 7?^-) and set -D^ = iiD^ := — j- — ^ j— . Now assume 

LPi, = Q ioi v < n thus also equations (|1^). Then we find successively 

2k 

= E ^ E ^-^2"^ • • • x-fi). (22) 

^ r=k + l ' aSCon(Sr) 

This formula can be proved by induction using the above formulas. Using it for k = n shows 
that (fn vanishs identically and the proof is completed. □ 
A final lemma will be useful in the next section: 

Lemma 2.2 Let F = PF+{G * x — fi) be the unique decomposition of the invariant function 
F and let f be homogeneous Pf = f . Then fF = f PF + {fG * x — fi) is the decomposition 
of the product fF. 

Proof: For a homogeneous function / holds ^i^pr/ = i,j = l...p. Hence we have 
{fG*x-fi) = f{G*x-f^). ' □ 



3 The solution for the projective space CP^ 

The first step towards the construction of a star product on the quotient manifold for the 
projective space as well as for the general Grassmann manifolds consists in "homogenizing" 
the expression for the Wick product of two homogeneous functions. The summands in the 
series are written as products of homogeneous differential operators - differential operators 
that assign two homogeneous functions another homogeneous function and that are thus 
well defined on the quotient manifold - and powers of a certain nonhomogeneous function. 
According to the lemma in the last paragraph it suffices to calculate the projection for this 
certain function and its powers. In case of the projective space CP'^ the homogeneization is 
simple and was also used in [|ll|] to find an explicit expression for the star product on CP''. 



00 



F * G = > —X X 



T- = 



E 



^x-' MAF.G) (23) 
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Obviously ® is a homogeneous differential operator, assigning two homogeneous 
functions the tensor product of homogeneous functions, so its power (followed by multi- 
plication) Mr are as well homogeneous. Now a star product for homogenous functions 
F,G G C^„(C'^+i\{0}) is easily constructed 

oo oo 

F*G' = P(F5 G') = ^P(x-"M,(F,G)) = ^P(a;-")M,(F,G) , (24) 

r=0 r=0 



where the last equation sign holds because of lemma p.2| . Following the program described 
in section | we obtain 

r 

{H{x~^),x — /i) = — p*i*x~^ = — = —{x — fi) x'^fi"'^'^ 



In this case H{F) is a uniquely determined invariant function. 

Applying the general recursion formula 

P{F) = p*i*F - AP(AF) (25) 

to the cases F = x~^ and F = fi~^x~^^^ as well as toP = x~^ yields a recursion formula and 
its beginning: 

P (x-n = P (x-('^-i)) P (x-') = 

This proves the simple 

Lemma 3.1 p / -r-N ^ TT ^ 1 

w/iere [y]^ :=?/(?/+ 1) ... (y + r - 1) , [y]o ■= I and c := pX'^ + 1 . □ 

In the same way as described here one could calculate P(x^) = ni=o(A* ~ ■^^) ■ 
Corollary 3.1 There exists a star product on G'i^^(C) = CP"^ defined by (f,g E C°°(CP'')^ 

oo 

^*{f*g):=P{n*f*n*g) = Y,-—Mr{n*f,7T''g) , (26) 
where the homogeneous operators Mr are defined by 

M (FO- x' g'^g r-*^* ( \ ^ 

' ^ (92:^1 _ , , 5^Ar (92;t^^ . . . dz^ Ar ^ P ^ \dz^^ . . . dz^"- dz'^ Ai ■ ■ ■ a,- / 

(27) 

At this point it seems to be only a matter of curiosity that for this star product not only 
the limit A — > 0, but also the opposite one, A — cx) is well defined as a formal power series. 
And at a glance the space of functions for which this product converges is nonempty. This 
strange possibility of a "strong quantum limit" will be preserved in the Grassmann case. 
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4 The projection for Grassmann manifolds 



We have to find a transferee! version of the homogeneization procedure (p3D, since x is 
no longer a scalar function. First note that according to the usual properties differentiation 
lowers the degree of homogeneity by one, so for a homogeneous function F G C^^(C(^'+5)-p *) 
which is more precisely a homogeneous of degree holds: 

Thus the expression z^^-^ is again homogeneous and this suggests to rewrite the expression 

for the Wick product for the case of homogeneous functions F,G e C^™(C(p+'?)-p *) in the 
following way: 



F*G = moexp(A<5V,^®^)(F®G) 



d _ d 

' B 



m o exp (a5^^^^^ ® ') ® = £ TT (^'''' ^0^^^ 



A / ^=0 

where S = zx~'^z^ , 



m{F®G) = F-G, 



and (■, ■) is the extension of the usual hermitian product {A, B) = tiA'^B to tensor products. 
The matrix S is obviously hermitian and in contrast to the momentum mapping J, which 
is only equivariant with respect to the [/(p)-action, even f/(p)-invariant. The homogeneous 
differential operators take values in the r-fold tensor product of the defining representation 
of U(p + q). 

Formally the construction of a star product for homogeneous functions on C'-^^'^-''^ * is 
completely analogous to the CP'^-case of the last section 

F*G:= P{F iG) = J2 —P[S^", Mr{F, C)) = ^ — (P(5^"), Mr{F, G)) , (29) 

where again the last equation sign is justified by lemma (^). Yet the evaluation of the 
projection P{S^^) shows a new aspect for which we introduce the notion of the action of the 
symmetric group on the tensor product space(C*)'^'': 

Definition 4.1 For a G Sr let p{a) : (C'^)^'^ — > (C)®^ be the representation defined by 
linear extension of the prescription p{a){eAi®- ■ ca,.) = ^a„(^^ ®- • ■'^^a^^^^ 1 < < s, 
where {e^}A=i...s is a basis of C*. This representation can linearly be extended to the group 
algebra. As well let for S G Gl{s, C) be D{S) : {C'f — ^ {C'f the representation defined 
by D{S) := S^'', which in a basis reads D{S){eA,® ■ ■ - ^ e^J := cb,® ■ ■ .0eB,S% . . . S\ . 
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Obviously the two representations commute, that means p{a) o D{S) = D{S) o p(^a) for all 
a ^ Sr and S G G/(s,C). Linear extension of to a representation of the endomorphism 
algebra End{C^) leads to the subalgebra of all mappings that commute with permutations. 
We will denote this subalgebra as C[D{Gl{s, C))]. 

Using the notation introduced in lemma concerning the conjugacy classes of the 
symmetric group we can formulate the essential 

Lemma 4.1 For the projection P(5"^'') the following recursion relation holds: 

A>( Yl cI"IA;„)p(5®") =T®'^ , (30) 

aeCon{Sr) 

where T := fip*i*S = p~'^C^Cy c := X~^fj, + p and ka '■= ^^ea^ defined to he the sum over 
all permutations of the conjugation class a in the group algebra C[S'r.]. 

Proof: The formula will be proved by induction. For any constant hermitian p + q matrix 
$ holds: 

(h[{S, $) j ,x - fij = -fi~^{zx'-^{x - fi)x^^z'^, $) = -fx~-^{x'-^z'^^zx^'^,x - /i) 
and we can choose 

h(^(S,^)^ = -p-h^^zx-^ . (31) 

The calculation of A{S, $) is simplified by the fact that -2^^^ is the fundamental vector 

field for the holomporphic Gl{p, C)-action, i.e. {{z, z'^),g) — > {zg, z'^) under which the term 
zx~^ is invariant. 

a((5, $)) = z^^^w^{s, $) = /i-V(5, $) =^ A(^) = ^^-'pS 

Using the recursion formula ( ^5]) one finds XcP{S) = T, which proves the start of the 
induction. Now assume the formula is proved for i < r. A possible choice for H is 

HiS^"^) = S^''-^ ® H{S) + H{S'^'-^) ® p~^T 

and it follows 

A(^®n = S^'-^^AiS) + (z^i^S^'^^) ^ H%(S) + AiS^"^-^) ^ p-^T 

OZj ■' 

r-l 

//"V^®" + ^p(r,,)^®'^ + /i-i A(^®^-i) ® T , 

where Tsr is the transposition of s and r. Comparing the recursion formula (|25|) analogously 
to the proof of lemma ( |3.1| ) for P{S®^) and p~^P{S®^~^) (S> T taking into consideration that 
P and p commute, yields: 

r-l \ 
s=l J 
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Using the induction hypothesis and the relation ( PT] ) leads to 



r-l , . 



<j(r) — r 



which proves the lemma. □ 
Remark: In the same way one can show that for the positive powers holds 



(32) 



• a£Con{Sr) 



Since {ka}a£Sr is a basis of the center of the group algebra €[5*.,.], ^aeCon{Sr) '^'"'^q is an 
element of the center which will be invertible for generic c. For the inverse element we can 
write 

(5^cl"lA;,)"'=:5^s«(c)fc„, (33) 

a a 

where Sn are rational functions which are to be determined. First we formulate a trivial 



corallary of lemma 4.1 



Corollary 4.1 There exists a star product on Gp^q{C) defined by (f,g G C°°{Gp^q{C))[[X\]) 

r=0 \ a<^Con{Sr) ^ 

(34) 

where the rational functions Sa are defined by (W^) arid c = A ^fi + p. Here we regard the 



derivatives ^ Af'^'^ Ar (^i' • • • jir)- component of a tensor in (C^)®^ and {■, ■) denotes the 
hermitian inner product of {CP)'^^ . □ 

A comparison with corollary |3.1| yields as a condition for Sa '■ 

$^^h(c)= XI Ksa{c) = ^. (35) 



c , 



5 The irreducible differential operators and their coef- 
ficients 

This section is devoted to the determination of the rational functions Sa defined by (^) that 
arise in the star product on Grassmann manifolds (0). According to Wedderburn's theorem 
the group algebra C[G'] of a finite group G decomposes directly into simple endomorphism 
rings End{C"'"^), a = 1 . . . / of dimension such that equals the order |G| of the 

group. Each simple ring End{C^'') may be seen as an isotypical submodule of the regular 
representation of the group G on its group algebra C[G] obtained by left multiplication. 
These isotypical submodules End^C^") are associated to a certain irreducible representation 
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which is therein contained with multiphcity Ua- To sum up, all irreducible representations 
of a finite group G are contained in the group algebra and their multiplicity equals their 
dimension n^. The number / of inequivalent irreducible representations equals the number 
of conjugacy classes, which is in case of the symmetric group Sr the number of partitions 
of r. So the center of the group ring C[G] has two natural bases, the conjugation classes 
ka and the units of the simple rings End{C^°-) into which the group algebra decomposes. 
Between both there is a simple base transformation in terms of characters ||13|, which for 
the case of the symmetric group Sr reads 

/ fa 



a=l a=l 



(-a 



Here Xa is the character of the irreducible representation p"- evaluated at an element of the 
conjugacy class a. Note that for the symmetric group a group element and its inverse are 
in the same class, such that the character is real. Of course the basis {ea}a=i...f is more 
appropriate for considering the inverse (0): 

fVcl^'O'' = nea=:Y ta(c) := —Y h^x'J''^ (37) 

The relation between the rational functions Sa introduced in (|33|) and the polynomials ta is 

As noted above any isotypical submodule EndiC^") of the group ring or equivalently any ir- 
reducible representation (up to isomorphism) or any unit is characterised by a partition, 
which is usually represented by a frame. We quote the dimension formula [|13]: 

Proposition 5.1 The dimension uym] of an irreducible representation p'™"' of Sr charac- 
terised by a frame [m] = [mi, . . . rrik] with k rows of lengths mi > m2 > ■ ■ ■ m^ > 0, \m\ : = 
Yl^=i — ^'^^ '^^'^^ multiplicity in the group algebra is given by 

^[m]=r\ — r-p r-j — k = mi + k - I (39) 

Ll\ . . . Lk\ 

Note that the dimension is of course invariant if one adds certain rows of length zero, so the 
right hand side is in fact unchanged under [m] i — > [m'] = [m, 0] . 

Now we consider the decomposition of the r-fold product of the vector space C'' into symme- 
try classes. (C)®'' carries the representation p defined above of the symmetric group Sr and 
is thus decomposable into irreducible components characterised by a frame. The irreducible 
components may be contained with multiplicity da (possibly 0). 

(C^)®" = rfiC"^ © ... © dfC"'f w.r.t. Sr (40) 

Since the action D of Gl{s, C) does commute with the action of the symmetric group Schur's 
lemma states, that an element of Gl{s, C) can only act as a multiple of unity between the 
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irreducible summands of (^Op which has to be zero between C"' and C""^ if i 7^ j. This leads 
to another decomposition 

[Cf^- = niC^i © ... © UfC^f w.r.t. Gl{s, C) , (41) 

where here C^" are irreducible representation spaces of an irreducible representation D"^ of 
Gl{s, C), which arise with multiplicity n^. As a trivial consequence the iso typical components 
are identical for both actions: 

(C^)®" = C"'! O C"^ © . . . © C"'^ © C"^' (42) 

The units of the simple components of the group ring C[Sr] act as projectors into the 
isotypical components here as well. A unit associated to a frame whose number of rows 
exceeds s, acts as an annihilator, p{ea) = 0, since the degree of antisymmetrisation is too 
large, so must be in this case. So the representations D"^, a = 1 ... r of Gl{s, C) are as 
well characterised by frames. We quote again the dimension formula 

Proposition 5.2 For a frame with more than s rows of nonzero length the dimension of 
the associated representation D''"! of Gl{s,C) is zero. So let [m] be a frame with s rows of 
length nii > . . . > > 0, where the lowest rows may be of length zero. Then the dimension 
d[m] of the associated representation D"^ of Gl{s,C) is 

d\m\ = -, TTT^ T-, h = rrii + s — i . (43) 

(s- l)!(s-2)!...l!0! » V ; 

Finally we recapitulate the considerations leading to Frobenius' formula relating the 
characters of the respective representations and D"^ of Sr and Gl{s,C). Consider the 
composite actions of A e Gl{s,C) and cr e Sr on (C)®'' and assume a belongs to the 
conjugacy class a. Using the isotypical decomposition (^) the mapping decomposes as 

D{A) o p{a) = p{a) o D{A) = D\A) (g) p\cr) ® . . . ® (A) © p^ (a) 

and for its trace one finds on the one hand 

/ / 
tr(D(A) op(a)) = ^trD«(A) ■trp«(a) = ^^^.(A)^^ , 

a=l a=l 

where (f°- is the character of the representation D"^, and on the other hand according to 



definition [4.1| 

tr (Z}(A) o p(a)) = AX^^^ ..... AX^^^ = a - ■ . . . ■ a - , 

where := tiA'^ is the trace of the powers of A. Finally using the orthogonality relation, 
which may be read from equations (|36D yields Frobenius' 



Proposition 5.3 The relation between the characters of the irreducible representations D'™"' 
ofGl{s,C) and p'™' of Sr associated to the same frame [m] = [mi, . . . ,ms], \m\ = r is given 
by 

](A) = 1 Yl /^««r ■ • • • ■ a."^xL™^ (44) 



T! 

aeCon{Sr) 



where := tiA^ and is the number of element in the conjugacy class a. □ 
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Summing up all informations the proof of the following corollary is trivial. 

Corollary 5.1 The polynomial t^m] introduced by associated to the frame [m] is given 
by 

t[m] (c) = [c]mi [C - l]m2 ' ■ ■ ■ ' [c - p + l]mp (45) 

Proof: It suffices to know the values of the polynomial for all natural values s > p. Then 

tH(^) = ^^^"HW = [SU[S - lU ■■■■■ 

But the frames under consideration in our case have at most p rows, since otherwise e[m] acts 
as annihilator on tensors in (C^)®*". Thus in our case rrip+i = . . . = and the formula is 
proved. □ 
This formula has a simple graphical interpretation: Consider an arbitrary frame: 




t[m]{c) = (c + 6)(c + 5)(c + 4)(c + 3)2(c + 2)3x 

(C + l)3c3(c - l)3(c - 2)2(c - 3)2(c - 4) 



For any box lying on the main diagonal t[m] contains a factor c, for any box on the first upper 
resp. lower diagonal it contains a linear factor c + 1 resp c — 1 and so forth. The relation (|35|) 
is now recognized as a direct consequence of equation (^) and the orthogonality relation. 
The star product on the Grasmann manifolds Gp,q{C) of corollary |4.1| then takes the form: 

Proposition 5.4 There exists a star product on Gp^q{C) such that for f, g EC'^{Gp^q{C))[[X\]: 



7r*if*g) = P{n*f~*n*g) 



r = {) |m|— r L 



dz"^^ . . . dz^^ 



d''7r*g 



dz^A^ ■ ■ ■ dz^Ar 



(46) 



Here p{e\m]) denotes the projector of (C^)®'' onto the symmetry class characterised by the 
frame [m] and t[m](c) = [cjmjc — l]m2 ■ ■ ■ ■ ■ [c — p + l]mp- In the sum over the frames only 
such frames yield a nonzero contribution whose number of rows is not greater than p. □ 



Obviously this theorem contains Corollary (|3.1| ) as a special case for p = 1. The product 
remains well defined in the limit A —>■ oo, which is here even more remarkable, since frames 
containing one factor (c + p — 1) do arise, but those containing the factor c — p = fiX~^ 
do not. Karabegov already stated in Theorem 3 that for representative functions f,g 
the dependence of f * g on is rational with no poles for A — > 0. For arbitrary smooth 
functions formula ( ^61) states that the dependence on A of the product is given by an infinite 
sum of rational functions, obviously in accordance with Karabegov's result. By a desription 
of the star product via representative functions as it is done for the projective space in [|1^ 
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one could verify Karabegov's proposition directly for Grassmann manifolds. The expected 
isomorpliy of the star algebras (C°°(Gp,g(C)), *) and (C°°(G'g,p(C)), *) can probably as well 
be established most easily in terms of reprsentative functions. This would extend the duality 
of Gp^g(C) and Gg^p{C) to their star algebras. 

Acknowledgement: I would like to thank M. Bordemann, whose idea of the projection 
method was actually the starting point of this work. 
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